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We find an interesting relationship between two difficult counting 
problems in the theory of symmetric functions. 
For integer k3 1, let y,(n) denote the number of standard Young 
tableaux on IZ cells whose first row is of length <k, and let 
Y/c(x) =Cn>O Y,(nb”ln!. 
Let z+(n) be the number of permutations of n letters that have no 
ascending subsequence of length >k, and let U,(X) = C,> O z+(~)x~~/Tz!~. 
THEOREM. We have 
U,(x) = Y,(x) y/J -xl (k = 2, 4, 6, . ..) 
More explicitly, for n > 0 and k = 2, 4, 6, . . . . we have 
(~)uk(n)=~(~) ( - 1 )‘y!Ar) Y,W - r). 
(1) 
(2) 
For example, when k = 2 we have u2(n) = (z)/(n + l), Ye = (L;2,), and 
(1) becomes the identity 
where the Z, are the modified Bessel functions. When k = 4 the factorization 
is a bit more substantial. In that case it reads 
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b;-3b;bf+b;+4b,b;b,-2b;b;+2bfb:+b; 
-2b;b,+4b,b,b,b,-2b,b;b,-b;b;+b;b; 
=(b;-bob,-b;+2b,b,-b;-b,b,+b,b,) 
x(b;+b,b, -bf-2b,b,-b;+ b,b,+b,b,), 
where we have written b, for 1,(2x). 
The proof of (1) requires only the following straightforward factorization 
of a (2~2) x (2~) Toeplitz determinant as a product of two m x m deter- 
minants, which must have been noticed by workers in that field but for 
which I am unable to cite a reference. 
LEMMA. If a,,, a,,... is a given sequence, and aei = ai, then we have 
det(ai-j):~=l=det(ai-j+a,+j~,)~ji=I det(a,-j-ai+j-r)~jj=l. (3) 
Prooj In the determinant on the left, for each i= 1, 2, . . . . m, add row 
2m+ 1 -i to row i and leave the result in row i Then for each 
j= 1, 2, . ..) m, subtract column j from column 2m + 1 -j and leave the 
result in column 2m + 1 -j. The result is a (2m) x (2m) matrix which when 
partitioned into m x m blocks looks like (“, E), where A and C are the 
two matrices on the right side of (3) after reflecting them in their 
antidiagonals. m 
Proof of the Theorem. Gessel [l] has shown that 
U,(~)=det(Zii-jl(2x)):j= 1. 
Likewise, an explicit determinantal expression is known for the Yk)s. If k is 
even we have 
Y,(X) = det(Z,,-,,(2x) + Zl<+j- ri(2X)):l,‘_ 1. 
This expression was obtained by Basil Gordon [3] by carying out the 
reduction of a Pfaffian of Gordon and Houten [Z]. The result (1) now 
follows from the lemma. 1 
REMARKS AND QUESTIONS 
First, for fixed x, as k -+ co we have U,(x) + exz and Y,(x) + e-X+c2’2; 
hence the limiting form of Eq. (1) above is ex2=ex+x2~2e--xfx2i2. 
Next, (2) is a nontrivial identity even when k = 2. In that case it says that 
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which is a special case of known hypergeometric identities, or it can be 
quickly certified by the rational function R(n, k) = (2k - 3n- 2)/(4n + 2), 
using the WZ method. 
Third, Eq. (2) demands a bijective proof. What is it? 
Fourth, if k is odd, a statement similar to the lemma is still true, which 
factors a (2~ + 1) + (2192 + 1) determinant into a product of an m x m and 
an (m + 1) x (m + 1) determinant. The combinatorial significance of one of 
the factors is unclear, however. What is the correct analogue of (2) when 
k is odd? 
Finally, the form of (1) suggests that we write x = it. Then for real t, (1) 
would read as U,(it) = 1 Y,(it)l 2, which would exhibit the real function 
U,(2) as a sum of two squares. This also suggests that the use of Bessel 
functions of the first kind may in some sense be more natural. 
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